Novikov algebras are algebras whose associators are left-symmetric and right multiplication operators are mutually commutative. A Gel'fand-Dorfman bialgebra is a vector space with a Lie algebra structure and a Novikov algebra structure, satisfying a certain compatibility condition.
Introduction
A left-symmetric algebra A is a vector space with an algebraic operation • satisfying
(1.1) for u, v, w ∈ A. Left-symmetric algebras play fundamental roles in the theory of affine manifolds (cf. [A] , [FD] ). A Novikov algebra is a left-symmetric algebra (A, Novikov algebra structure had actually appeared earlier in Gel'fand and Dorfman's work [GDo] on Hamiltonian operators. It was named as "Novikov algebra" by Osborn [O] . A Gel'fand-Dorfman bialgebra is a vector space A with two algebraic operations [·, ·] and • such that (A, [·, ·] ) forms a Lie algebra, (A, for u, v, w ∈ A. Such a bialgebraic structure was introduced by Gel'fand and Dorfman [GDo] in studying certain Hamiltonian pairs, which play important roles in the complete integrability of nonlinear evolution partial differential equations. They correspond to the following Poisson brackets of dynamic type
is a Gel'fand-Dorfman bialgebra, then we say that (A, [·, ·] ) is a Lie algebra over the Novikov (A, •) and (A, •) is a Novikov algebra over the Lie algebra (A, [·, ·] ).
The Lie algebras over certain simple Novikov algebras associated with polynomial algebras were classified by Osborn and Zel'manov [OZ] . In [X3] , we gave four general constructions of Gel'fand-Dorfman bialgebras. Moreover, we classified the Lie algebras over more general simple Novikov algebras associated with certain semigroup algebras. In particular, we found that these Lie algebras are generalizations of the well known Block algebras (cf. [B] ), which are simple Lie algebras or "almost simple" Lie algebras under certain conditions (cf. [X2] ).
For a left-symmetric algebra (A, •), we define the commutator
(1.6)
It was stated in [GDo] that (A, [·, ·] ) forms a Lie algebra and (1.4) holds (cf. [X3] for the proof). In [X3] , we classified all Novikov algebras whose commutator Lie algebras are simple rank-one Witt algebras associated with the group algebras of additive subgroups of the base field with characteristic 0.
(1.7) (cf. [S] ). Its relation with the "classical Yang-Baxter equation" will be presented in next section for reader's convenience. The main result of this article is as follows.
Then the following algebraic operation
defines a Novikov algebra over the Lie algebra G.
In particular, we construct such R-matrices from certain abelian subalgebras of Lie algebras. As a result, we show that there exist nontrivial Novikov algebras over any finitedimensional nonzero Lie algebra over an algebraically closed field with characteristic 0 or
Gel'fand-Dorfman bialgebras are related to certain Lie algebras with one-variable structure, which are natural extensions of the well known loop algebras. Denote by Z the ring of integers and by F a field. All the vector spaces (algebras) in this article are
where t is an indeterminate. Define an algebraic operation [·, ·] onÂ by will be useful in the study of vertex algebras, which are fundamental algebraic structures in conformal field theory.
In next section, we shall prove our main theorem and present a connection with the constant classical Yang-Baxter equation. In Section 3, we shall present a concrete construction based on abelian subalgebras and prove a existence theorem.
General Construction
In this section, we shall give a general construction of Novikov algebras over any given Lie algebra.
Lemma 2.1. Let G be a Lie algebra and let T be a linear transformation on G. Then the following algebraic operation • on G:
Proof. For any u, v, w ∈ G, we have
by skew-symmetry and Jacobi identity of Lie algebra. 2
Let V be a vector space and let {v j | j ∈ Ω} be a basis of V . Given a linear transformation R on V ⊗ V , we write
for any i, j ∈ Ω, where r p,q i,j ∈ F. Define three linear transformations R 12 , R 13 , R 23 on Most of the known interesting solutions of the the constant classical Yang-Baxter equation have been constructed by means of Lie algebras. Let G be a Lie algebra and let {I j | j ∈ Ω} be a basis of G. Suppose that X is an element of G ⊗ G. Write
with r i,j ∈ F. Denote by U(G) the universal enveloping algebra of G. Define the elements 
Let V be a G-module with representation π. If X is a solution of (2.10), then the linear transformation
on V ⊗ V is a solution of the equation (2.7).
Suppose that the Lie algebra G has a nondegenerate invariant symmetric bilinear form
for u, v, w ∈ G. Take {I j | j ∈ Ω} to be an orthonormal basis of G, that is,
For the element X in (2.8), we define a transformation T X on G by
(2.14)
Then the equation (2.10) is equivalent to
(e.g. cf. [X1] ), which is the condition for T X to be a classical R-matrix.
Theorem 2.2. Let T be an R-matrix of a Lie algebra G. Then the algebraic operation
• defined in (2.1) gives a Novikov algebra over the Lie algebra G if
by (2.16), and skew symmetry and Jacobi identity of Lie algebra. Note
By (2.15)-(2.18), and skew symmetry and Jacobi identity of Lie algebra, we obtain
Thus (G, •) forms a Novikov algebra by (1.1) and (1.2). The above lemma shows that
In this section, we shall present examples of Novikov algebras over a given Lie algebras based on abelian subalgebras.
Let G be a nonzero Lie algebra. Take a subspace K of G such that
Pick any subspaceK of G such that
Let T 0 :K → K be any linear map. We define a linear transformation T on G by
Then the linear transformation T trivially satisfies (1.7) and (1.8), Thus (1.9) define a Novikov algebra over G by our main theorem. Moreover, we have: Proof. Let G be any finite-dimensional nonzero Lie algebra.
Take any nonzero linear map σ : G → F. Define an algebraic operation on G by
Then for u, v, w, we have
Thus (G, •) is an associative algebra satisfying (1.2). Hence it is a nontrivial Novikov algebra over the abelian Lie algebra G.
Case 2. G is not abelian.
First if
then G is a simple Lie algebra. Classification of finite-dimensional simple Lie algebras over an algebraically closed field with characteristic 0 or p > 5 has been done, by which there does not exist a finite-dimensional simple Lie algebra G such that (3.7) holds. If all non-central element u of G satisfies (3.7), then G/Center G is a simple Lie algebra satisfies (3.7), which contradicts the classification. Thus there exists a non-central element u 0 ∈ G such that 10) which contradicts (3.9). Thus there always exists an element
Take any subspace V of G such that
We define a linear map T on G by
Then T satisfies (1.7) and (1.8). So (1.9) define a Novikov algebra over G. Moreover,
Hence (1.9) gives a nontrivial Novikov algebra over G. 2
Remark 3.2. The real Lie algebra so(3, R) satisfies (3.7). Existence of nontrivial Novikov algebras over so(3, R) is an interesting open problem.
Example. Let G be a finite-dimensional simple Lie algebra over an algebraically closed field F with characteristic 0. Then G has a Cartan root decomposition
where H is a Cartan subalgebra of G, ∆ is the set of roots (root system) and each x α is a root vector corresponding to α (e.g., cf. [H] ). Note that any proper subalgebra K of H satisfies (3.1).
8 Let ∆ + be the subset of positive roots in ∆. Then any abelian subalgebra K contained in α∈∆ + Fx α also satisfies (3.1). One can pick relatively large such abelian subalgebras as follows. It is known that ∆ has a subset {α 1 , α 2 , ..., α n }, so- 
